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^3 \ Abstract 

In our recent works [R. Szmytkowski, J. Phys. A 39 (2006) 15147; corrigendum: 40 (2007) 
7819; addendum: 40 (2007) 14887], we have investigated the derivative of the Legendre func- 
tion of the first kind, P v (z), with respect to its degree v. In the present work, we extend 
these studies and construct several representations of the derivative of the associated Legen- 
dre function of the first kind, P* m (z), with respect to the degree v, for m 6 N. At first, 
we establish several contour-integral representations of dP^ m {z) / dv. They are then used to 
derive Rodrigues-type formulas for [dP^ zm (z)/di/]„ =n with n £ N. Next, some closed- form 
, expressions for [dP^ m (z)ldv\ v = n are obtained. These results are applied to find several rep- 

■ resentations, both explicit and of the Rodrigues type, for the associated Legendre function 

of the second kind of integer degree and order, Q^ m (z); the explicit representations are suit- 
able for use for numerical purposes in various regions of the complex z-plane. Finally, the 
derivatives [d 2 P™ (z) / dv 2 ] v=n , [dQ™ (z) / 'dv]u=n and [9Q™(z)/9i/]„=_„-i, all with m > n, are 
^~>) ' | evaluated in terms of [dP^ m (±z) / dv\ v=n . 

MSC2000: Primary 33C45. Secondary 33C05 



i vh ■ 1 Introduction 



In our recent paper [1], we have proved that the derivative of the Legendre function of the first 
kind, P u {z), with respect to its degree v may be given in the form 

dPv(z) z + i i r (t 2 -iy t + i 

— = -P v ( z )\n—— + —d> dt- —In—-, 1.1 

dv 2 2 u m Jcg{+) [t - z) u+L 2 

where the integration contour is shown in Fig. [TJ Using the representation (jTTTJ), we have 

re-derived the Rodrigues-type formula 

dP v {z) 



dv 



P n (z) In ^ 1 



2 n ~ 1 n\ dz 



(z2 _ irin i±! 



(n e N), (1.2) 



which was first obtained long ago by Jolliffe [2] with no resort to the complex integration technique. 
Then we have shown that \dP v (z) j dv\ v=n may be written as 



dP v {z) 



dv 



P n (z)\n^- + R n (z), (1.3) 



1 



Imt 




Ret 



Figure 1: The complex t-plane and the integration contour "jf W for Eq. (jl.ip and for the definition 
p.ljl of the associated Legendre function P^ m (z) of the first kind of integer order. The cut joining 
the points t = +1 and t = z (being two out of four branch points of the integrands in Eqs. 
and (|3.1[) ) is the circular arc (|3.3[) . 



where P n (z) is a Legendre polynomial and R n {z) is a polynomial in z of degree n. Using various 
techniques, we have found several explicit representations of R n (z). In addition to the representa- 
tion 

R n (z) = 2M2n + 1) - ^(n + l)]P«(z) + 2 ^(-) fe+ "- ^ J—__P fe ( z ), (1.4) 

which is a slight modification of the one found by Bromwich [3], and the representation 

s (k + n)\^(k + n + 1) fz-l\ k , . 



^»(z) = 2 , ( * t + " + 1) - W + 1)] ) ■ (1-8) 



due to Schelkunoff [4], we have obtained the formula 

k 

Uhth j- t, -l -n _ j- 1 m I z + 1 1 
(fc!)*(n-fc)! - , 

Here and henceforth, 

denotes the digamma function [5-7] . 

Still more recently, in the addendum [8], we have exploited the Jolliffe's formula (|1.2p to present 
a derivation of Eq. (|1.6p being much simpler than the original one in [lj. In addition, Eq. (|1.2|) has 
been used to obtain two further new representations of R n (z) , nameljo 

R n (z) = 2^(n + l)P n (z) - 2 (i±±) n p Q \{n -k + l) (j^J " (1.8) 

and ^ 

i?„(z) = 2^(n + l)P„(z) - 2 f^T) " £ (") ^(fc + 1) fi±i) . (1.9) 



In [8] the representations H1.8I I and dl.91 have been given in slightly different forms 
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In the course of solving boundary value problems of theoretical acoustics, electromagnetism, 
heat conduction and some other branches of theoretical physics and applied mathematics (cf, 
e.g., [9-28]), one occasionally encounters the derivative of the associated Legendre function of the 
first kind [6,7,29-58] of integer order with respect to its degree, dP^ m {z)/du with m £ N. We 
have found that except for the case of to = studied in [1,8], thus far this derivative has not been a 
subject of a systematic, exhaustive investigation and that the relevant knowledge is very incomplete 
(cf section [2]). It is the purpose of the present paper to fill in this gap and to give an extension of 
our previously-obtained results for dP v (z)/du to the case of dP^ m (z)/dv. In particular, we shall 
extensively investigate the functions \dP^- m {z)jdv\ v=n with n £ N. Besides being interesting for 
their own sake and potentially useful for applications to the problems mentioned above, the results 
will also allow us to contribute to the theory of the associated Legendre function of the second kind 
of integer degree and order, Q^ m (z). In a simple manner, we shall obtain several representations, 
both explicit and of the Rodrigues type, of the latter function for various ranges of n and to; we 
believe that some of these representations are new. The explicit expressions we provide for both 
[dP^ m (z) I 'dv] v — n and Q^ m (z) are suitable for use for numerical purposes in various regions of the 
complex z-plane. 

The structure of the paper is as follows. Section [2] provides a summary of fragmentary research 
on dP^ (z) I dv done thus far by other authors. In section[3j we make an overview of these properties 
of the associated Legendre function of the first kind of integer order, P^ m (z), which will find 
applications in later parts of the work. In section[4j we find several contour-integral representations 
of dP^ m (z)jdv. In section[5j we investigate [dP^ m (z) j 'dv] v=n with n 6 N, the cases ^ to ^ n 
and to > n being considered separately. In each of these two cases, at first we use contour integrals 
for [dP^ m (z) j 'du] v=n to obtain Rodrigues- type formulas for this function. Then, these formulas 
are used to construct several closed-form representations of [dP^ m (z) / 'dv\ v=n . Applications of the 
results of section [5] to the construction of some representations of the associated Legendre function 
of the second kind of integer degree and order constitute section 16. 1[ while in sections 16.21 and 
EH the derivatives [d 2 P™{z)/dv% =n , [dQ™{z)/dv] v = n and [dQ™{z)/dv] u =-n-i, all with m > n, 
are expressed in terms of [dP~ m (±z) / 'dv\ v=n . The paper ends with an appendix, in which some 
formulas for the Jacobi polynomials, exploited in sections [3] and are listed. 

Throughout the paper, we shall be adopting the standard convention, according to which 
z S C\ [— 1, 1], with the phases restricted by 

— 7r < arg(z) < 7r, — 7r < arg(z ± 1) < 7r (1-10) 

(this corresponds to drawing a cut in the z-plane along the real axis from z = +1 to z = — oo), 
hence, 

-z = e Ti7r z -z + l = e Ti7r (z-l) - z - 1 = e Thr (z + 1) (arg(z) ^ 0). (1.11) 

Also, it will be implicit that x £ [—1,1], v e C, [i G C, n € N, m e N. Finally, it will be 
understood that if the upper limit of a sum is less by unity than the lower one, then the sum 
vanishes identically. 

The definitions of the associated Legendre functions of the first and second kinds used in the 
paper are those of Hobson [40] . 

The present paper may be considered as a complement to [59], where the derivative dP£{z) / d[i 
has been investigated exhaustively. 



2 Overview of research done on dPj^{z) / 'dv and dP^{x) / du 

An overview of the research done on dP^(z) / dv (= 8P u (z)/dv) was presented in [1]; to the 
references cited therein, one should add the works [16,21,26,60-70]. As regards the derivative 
dP^{z)/dv with /j ^ 0, our literature search showed very few results. Robin [71] (cf also [46, pp. 
170-4]), differentiating term by term the following series representation of Pj?(z) [6,7]: 



z-lj ^kT(v-k + l)r(k-fi+l) 
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arrived at the formulc0 



z + l 
z-1 



fi/2 oo 



E 



T(k + v + l) 



'kw(v-k + i)r{k-n + i) 



x [ip(k + v + 1) - ip(v -k+1)] 



z - 1 



(|z-l| <2). 



If in Eq. (|2 .2[) one makes use of the well-known [5-7] identities 



r(C)r(i - C) 



sin(7r£) 



and 



^(C)=V(l-C)-TCot(7rO 
and exploits Eq. (|2.1j) . this yields [6, page 178] 

fj,/2 oo 



(2.2) 

(2.3) 
(2.4) 



dPjf(z) 

dv 



sin(-7w) (z + l 



7rcot(7ri/)P^(z) 



x [^(fc + v + 1) - f/)(fc - i/)] 



1 



z-1 



£(-) 

fc=0 



fc r(* + i/ + i)r(fc-i/) 



fcir(fc-/i + i) 

z - 1| < 2). 



(2.5) 



Manipulating with the series on the right-hand side of the above formula, Robin [46, 71] showed 
that for v = n the formula goes over intjf] 



dP?(z) 



dv 



z + l 



M/2 



E 

k=l 



(k + n)\ 



k\{n-k)T[k- pL + l) 



x[ip(k + n+ 1) - tp(n -k + 1)] 



z-1 



(2n + l)! 



z + l 



H/2 



(n + l)T(n -H + 2) \z - 1 

l,l,2n + 2 1-z 



z-1 



n+l 



X3F2 



n + 2, n + 2 — fi 



(2.6) 



with 3F2 being a generalized hypergeometric functiorQ. In the particular case of n = 0, the finite 
sum on the right-hand side of Eq. (|2.6[) vanishes, while the 3-F2 function appearing therein reduces 



2 Actually, Robin [46,71] used a definition of the digamma function different from that in our Eq. 111.71 1: his 
definition was 



1 dT(C + l) 



r(C + 1) dc 

Hence, our Eqs. 112.21 1 and 112.61 1 seemingly differ from their counterparts in [46,71]. 

3 Equation (2) in [71], which is the counterpart of our Eq. I|2.6| l. was misprinted: in front of the term containing 
the 3F2 function, the factor [fjx + 1) /(ji - l)] m / 2 (the original notation of Robin is used here) is missing. In [46, Eq. 
(329) on pp. 171—2] the same formula was already printed correctly. 

4 If in Eq. 112.61 1 one sets fi = 0, combines the result with the Schelkunoff 's formula for [dP v (z) / dv\ v — n following 
from Eqs. I|1.3ll and l|l,5| l. then solves the emerging equation for 3F2(l,l,2n + 2;n-|-2,n-|-2;(l — z)/2) and replaces 
therein z by 1 — 2z, one obtains 



3F2 



1, l,2n + 2 
n + 2,n + 2 



( _ r +l [(« + l)!] 2 



<?n + iy.z^ \ Pn[1 - 2z) ln(1 ~ z) 



E(-) 



fc _(fc + n)!_ 
(k\) 2 (n-k)\ 



[ip(k + n + 1) + ip(n -k + 1)- 2tp(n + l)]z fc j. 



This relationship should replace Eq. (7.4.1.35) in [57, pp. 421—2], which is incorrect in view of the fact that in [57, p. 
685] the digamma function has been defined as in our Eq. (II. 7t and not as in [4,46,71]. 
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to 2-Fi(lj 1; 2 — /«; (1 — z)/2), so that the equation goes over intd3 [6, p. 177] 



di 



z-l 



z + 1 



2T(2 -fx) \z-l 



M/2 



Fi 1,1;2- M ; 



1 - z 



(2.7) 



For the sake of completeness, we mention here that a formula for [dP^ (z) / dv] v=n _ l / 2 , which we 
do not display here, has been provided by Brychkov in [58]. 

Results on dPj}(x) / dv are also scarce and fragmentary. A formula analogous to Eq. (|2.2p may 
be found in [7, p. 1026] and [52, p. 94]. Counterparts of Eqs. (|2.5|) and (|2.7p are given in [6] on pp. 
178 and 177, respectively. Closed-form expressions for [dP~ x {x) / 'dv]„ =0 and [dP^ 1 (x) / dv] v= \ are 
presented in [7, pp. 1026-7], [52, p. 94] and [55, p. 335]. Tsu [73] found explicit representations of 
[dP®(x)/di/] v= o (= [dP u (x)/dv] u= o) and [dP^(x)/di/] u —o and provided the recursive relation 



{l-x 2 ) 1 ' 2 



dP™ +1 {x) 



{n — m)x 



dP™(x) 



dv 



(n + to) 



8P™(x) 



dv 



v=n— l 
= xP™(x) - P^x), 



(2.8) 



enabling one to generate [dP" 1 {x) / dv\ u=n for other values of n and to; however, no general formula 
for [dP™(x) j 'dv\ u=n was given in that work. Finally, in a study on the Dirichlet averages of 
x* lnx, Carlson [74] arrived at the following closed- form representation^ of [dP~ m (x) / dv] u=n with 
^ m < n: 



dP~ m {x) 



P~ m (x)ln- 



[i/>(n + m + 1) + ip(n + l)]P- m (x) 



+ 



(n — m)! / 1 — x 
(n + m)\ 



i/2 



k=Q 
1 - X 



1 



X 



^ k (k + n + m)\ip(k + n + m + 1) ( \ — x 
k\(k + m)\(n — to — k)\ 

™ /2 ^ ( , fc (fc + n)!^(fc + n + l) 

fc=0 



fc!(fe + m)!(n - fc)! 



2 

1 -a; 



(0 ^ to ^ n) 
(2.9) 



and proved the identity 
dP™(x) 



dv 



(-) 



(n + m)! dP~ m {x) 



(n — m)\ dv 
[ip(n + m + 1) - V(n - m + l)]F™(x) 



(0 ^ m ^ n); 



(2.10) 



in addition, he showed that 
dP- m {x) 



dv 



v=Q 



= (-) m P Q - m (-x)ln — 

+ ^{l)P^ m {x) - (-)^(m+l)P - m (-i) 



+ H' 



— m/2 m—1 



fc=0 



fc!(m — fe)! 



(to > 0). 



(2.11) 



5 It seems worthwhile to add at this place that Eq. I|2,7fl may be used to express the closed-form momentum-space 
representation of the nonrelativistic Coulomb Green function, found by Hostler in [72], in terms of the derivative 
[dPv {z) / dv] u —Q with suitably chosen /i and z. 

6 We have transformed Carlson's original formulas so that Eqs. 112.91 1 and 112.111 1 are concurrent with the notation 
used in the rest of the present paper. 



5 



3 Definition and some relevant properties of the associated 
Legendre function of the first kind of integer order 

In this section, we shall present these properties of the associated Legendre function of the first 
kind of integer order which will find applications in later parts of this paper. 

3.1 Function of arbitrary degree 

The associated Legendre function of the first kind of complex degree v and integer order ±m may 
be defined as the following generalization of the Schlafli contour integral [40, p. 191]: 

" w r(i/ + i) 2"+%i v ' jr y(+) (t-^±m+i v ' 

The integration path shown in Fig. [TJ is a closed circuit enclosing the points £ = +1 and 

£ = z in the counter-clockwise sense. If v is not an integer, the integrand has four branch points 
located at £ = ±1, t = z and |£| — oo. To make the integrand single- valued, we make two cuts in 
the £-plane. The first one is 

t C nt = ~V oo), (3.2) 

which is the semi-line drawn along the negative real semi-axis from £ = — 1 to £ = — oo. The second 
one is the curve 

1 + rjz 

tout = ; (1 < V < 00 ) (3-3) 

z + rj 

joining the points £ = +1 and t = z. It is seen to be that out of two circular arcs of radius 



-MS* 

centered at 

— 1> £3R (3 ' 5) 

and connecting the points £ = +1 and t = z, which does not go through the point £ = — 1. The 
contour is not to cross any of the two cuts (|3 . 2|) and (|3.3[) . The phases in the integrand in 

Eq. (|3.1|) are stipulated as follows: at the point on the right to £ = +1 (and on the right to z if the 
latter be real), where the path 'rf^ crosses the real axis, we set arg(£± 1) = and | arg(£ — z)\ < n. 
In the plane with the cross-cut along the real axis from z = +1 to z = — oo (cf the remark below 
Eq. (TTTUjn , the function P± m (z) is single- valued. 
It is seen from Eq. (|3.ip that 

P-(z) = (*» - l) m ' 2 ^^ , (3.6) 

where P v {z) = P®{z) is the Legendre function of the first kind. 
It may be shown [40] that P± m (z) possesses the property 

P ± ^ 1 (z) = P^(z). (3.7) 

Replacing in Eq. (|3.1[> v with — v — 1, exploiting the fact that 

T{-v±m) ^ m r^+l) 

r(-i/) " l j r(i/Tm + i) 1 j 

and making use of Eq. (|3.7p , yields 

^ j r(, T m + l)fi lZ lj ^ (+) d * (£2 _!),+!■ ^ 



G 



If in Eq. (|3.9p we change the integration variable from t to 



u = -l + 2 |±j, (3.10) 



this results in 



a„ '"- i r T " ,1 °t, lr± '" . (3.") 



T(v =F m + 1) 2< y+1 7ri \z + 1/ /jf'C+) (u - z)^ 1 

The contour surrounds the points u = +1 and it = z in the counter-clockwise sense and does 

not cross either of the two straight-line cuts 

u cut = -l + 2^- (l<r?<oo) (3.12) 

1-7? 

and 

+ (l<r?<oo). (3.13) 

1+7? 

Likewise, if in Eq. (|3.9[) the variable i is replaced by 

u = 1-2^, (3.14) 

one finds 

^ [Z >-T{vTm + l)2^\\z-l) t„ w {u-zY+i ' (3 ' 15) 

where the path c €" ( + ) encloses the points u = +1 and u = z in the counter-clockwise sense and also 
does not cross the cuts (|3. 121) and (|3.13[) . It is evident that the contour < ta"( +s> may be deformed 
into the contour e ta"( + " > without changing the value of the integral in Eq. (|3.15[) . i.e., it holds that 



r(i/=F"i+ 1) 2^ +1 7ri \z- 1/ /«>/(+) (w-z) y+1 
As a corollary, from Eqs. (|3.11[) and (|3.16p one obtains the relation 

_ i>-m + i) 

" 1 J ~ I> + m+l)^ 
If this is combined with Eq. (|3.9[) . this results in 

(It is worthwhile to add that Eq. (|3 . 18[) may be also obtained from equation (|3.9[) by subjecting 
the integral in the latter to the variable transformation (|4.2[) and deforming suitably the resulting 
integration contour. Then Eq. (|3 . 1 T[) appears to be a corollary from Eqs. (|3.9[) and (|3.18p .) 
On the cut —1^x^+1, after Hobson [40], it is customary to define 

P± m ( x ) = e ±i™/2 p±m ^ + iQ ) = eT mm/2 p ±m ( x _ iQ ) 
1 



e ±i7rm/2 P± m (x + iO) + e Timn/2 P± m (x-iO) . (3.19) 



7 



3.2 Function of integer degree 



If v = n, the cut (13 . 3|) in the definition of the contour integral (|3.1[) is unnecessary and may be 
removed. Then, by the theory of residues, from Eq. (|3.ip one has the Rodrigues-type formula 

1 jn±m 

Pn n {z) = - l) ±m / 2 ^-^{z 2 - 1)", (3.20) 

subject to the constraint ^ m ^ n if the lower signs are chosen. If Eq. (|3.20p is combined with 

(77 — 777 ) ' 

Pn m (z) = 7— — Ti P n(z) (O^m^n), (3.21) 
(n + m) ! 

which is the direct consequence of Eq. (|3.17|) , this yields 



1 (n±m)l,_ a im/J d^ 
n n! (n =F 

For to > n, Eq. (I3.20|) implies 



^"'<=> = ^Sf5 ,22 - 1,T "' /2 ^ ( "- ir (0 ^ n) ' (3 ' 22) 



F™(z) = (to > n). (3.23) 
Another property of P^ m (z), which shall prove to be useful in later considerations, is 

Pt m {-z) = H n Prt m (z) (0 < m < n). (3.24) 

This may be obtained from Eq. (|3.20[) . with the aid of the relations 

Other Rodrigues-type representations of P^ m (z) may be obtained by applying the theory of 
residues to the contour integrals (|3.11[) and (|3.16[) . after setting therein v = n and removing, now 
redundant, the cut (|3 . 13|) . For ^ to ^ n, this renders two formulas 

1 /z-l\ ±m ' 2 d" 



and 

±rn/2 



1 f 7 4- 1 \ 1 d n 

p « m W = 2^oi d^K*- 1 ^^ 1 ^ (0 ^^ (3 - 26) 

obtained originally by Schcndel [75] in a different way. If m > n, proceeding in the analogous way, 
from Eq. (|3.11|) one finds 



z + n m/2 d" 



P~ m (z) = — — -. — ( — — j i— r(z-l)"+ m (z + l)"-" l l (m>n). (3.27) 

For the sake of later applications, we shall derive here still another Rodrigues-type representa- 
tion of P~ rn (z) valid for m > n. To this end, at first we observe that if the lower signs are chosen 
in Eq. (|3.18|) and if one sets v = n, the integrand in the resulting equation becomes single-valued 
in the domain enclosed by the contour 'jfW and is seen to possess two poles in this region: one 
of order n + 1, located at t = +1, and the other, of order m — n, located at t — z. Thus, we may 
remove the cut (13.31) and, by the Cauchy theorem, write 

P-™( Z ) = {-) m U] ^(^_ 1 )m/ 2 / & t {t ~ Z)n ~ m 



(n + to)! 7ri v ; J v (+) (t 2 - l) n+1 



+ (-)" „ — {z 2 -l) m ' 2 i At 9 ' - (m>n). (3.28) 

v ; (n + m)! 7ri v ' J v w (t 2 - 1)"+! v I \ ) 

Here, the path surrounds the point t = +1 in the positive direction and leaves the points 

t = — 1 and t = z outside, while the contour < ^'i + ' ) encloses the point t = z, is run in the positive 
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sense, with the points t = ±1 located exterior to it; none of the two paths crosses the cut 
Instead of applying the theory of residues already at this stage, we subject the first integral in Eq. 
(|3.28[) to the variable transformation (|3.10[) . This gives 

= nl 1 fz-l\ m/2 I (u-l) n - m (u + l) n+m 

n [Z) (n + m)!2"+ 1 7ri \z + l) %>M U (u-z)^ 1 

n\ 9" C (i — v \n—m 

+ (-) m r^-^-^ 2 ~ V m/2 f M dt m L + i (™ > »)> ( 3 - 29 ) 

(n + my. tti i^i" 1 "' v- ~ 1) + 

where the contour ^ encircles the point u = z counter-clockwise, does not enclose the points 
u = ±1 and also does not cross the cut (|3.12p . Applying now the theory of residues to Eq. (|3.29|) . 
we obtain 

1 fz-l\ m/2 d" 



Pn m {z) = 7T- t rr ( —\{z-l) n - m {z + l) n+m ] 

n w 2 n (n + m)\ \z + l / dz n LV ; v ' 1 



2 n (n + m)\ \z + 

on+l„| Jm— n— 1 

v y (n + m)! (m - n - l)! v y dz m -"- lV ; v ' 

(3.30) 

which is the desired result. Comparison with Eq. (|3.27p shows that the first term on the right-hand 
side of Eq. (|3.30[) equals (—) n P~ m (—z) (with m > n), and consequently 

Pn" l (z) = (-TP- m (-z) 

v ; (n + m)!(m-n- 1)P 7 dz m -"- lV ; v 7 

(3.31) 

Combining Eqs. (|3~2"0j) . (|3~2"2"j) . (|3~2l>l) to (|3~2"7)) and (pHTf) with Eq. (fA~T|l and using, whenever 
necessary, Eqs. (|3.2ip and (|3.24[) . yields the following formulas relating the Legendre function 
considered here to particular Jacobi polynomials: 

CW = r JL ^ il T Pi~ m ' m Hz) (0<m<n), (3.32) 
(n — to)! \z — 1 J 

I / _ I i \ m / 2 

Pn m (~z) = H"t-— — — r Pi- m ' m) (^), (3.33) 
(n + to)! \z — 1/ 

I / i \ m/2 

P„ m W = r ^ j — T P,l m '- m) W (0<m<n), (3.34) 
(n — to) ! \ z + 1 / 

I / _ 1 \ m / 2 

^n m W-7r^-TT TTT) ^ ( " l '~ m) W: (3-35) 



(n + to) ! \ z + 1 

= (n±m)! ^z*-l^ m/2 p C^.-m) (z) (Q ^ m ^ n)f (3 36) 

P™(z) = ^±p^ (^ r 1 ) m/2 ^™r ) (^) (0 < m < n), (3.37) 

p--(^) - (-)"F-"(-z) = f^ 1 ^] P^-n-r\z) {m > n). (3.38) 

We shall make extensive use of the above formulas in sections 15.1.21 and 15.4.21 
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4 Contour-integral representations of dP„(z)/di> 

We begin our investigations on the derivative dP„ m (z)/du with the derivation of its several 
contour-integral representations. 

Differentiation of Eq. (|3.ip with respect to v gives the first such representation: 

V dv K) = [^±m+l)-#, + l)]P± m (z) 

r(i/ + i) 2-+%i v ' Jr v(+) (t-«)^"+i 2(t-«) 

(4.1) 

Consider now the following linear fractional transformation: 

s= -l + (z+l)^— . (4.2) 
t — z 

It maps the complex i-plane onto the complex s-planc. In particular, the points t = — 1, +1, 2 and 

oo are mapped onto the points s = +1, — 1, oo and z, respectively, the cut (|3.2[) is mapped onto 
the cut 

Scut = {KV< oo) (4.3) 
z + 1] 



and the cut (|3.3[) onto the cut 

Scut = -V (1 < »7 < oo)- ( 4 - 4 ) 

In addition, the path ( ^'( + ) is mapped onto the contour which encloses the points s = 1 

and s = z in the c/ocfc-wise sense and does not cross any of the two cuts (|4.3p and (|4.4p . 
To obtain the second representation of dP^ m (z) / dv, we rewrite Eq. (|4.1|) in the form 

ap±m( 7 \ 

v dv K ' = mv±m+l)-iP(v + l)]P± m (z) 

T(u±m + 1) 1 {z2 _ 1)±m/2 I d (t 2 -!T ln j±l 
r(i/ + l) 2"+ 1 7ri v j jr v(+) (t-z) y±m+1 2 

' r(l/±m+1) di j^-y—. (4.5) 



r(i/+l) 2^ +1 7ri ' /^ (+) (t-z) 1/±m + 1 t-2 

Let us look closer at the second integral on the right-hand side of Eq. (|4.5p , which is 

" w r(i/ + l) 2 t '+ 1 7ri v ; J^ ( +) (t-2r)"±w+i t _ z v ; 

Subjecting this integral to the transformation (|4.2p results in 

If in Eq. (|4.7p we change the name of the integration variable from s to t, then switch from the 
contour to the oppositely traversed contour c €" 1 ( + ) and deform the latter into the path 

'^( + ) (because of the structure of the integrand, this deformation does not change the value of the 
integral in question) , after subsequent use of Eq. (|3.ip , we obtain 

= T ("± m + v 1 ( ^-i)W ot, « 2 -ir t+i 

v w T{v + 1) 2"+ 1 7ri v ' J vm {t-z) v ^ m + l 2 

-P±™(z)lni±^. (4.8) 
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Upon replacing the second integral on the right-hand side of Eq. (|4.5[) by the equivalent expression 
given in Eq. (|4.8[) . we arrive at the second contour-integral representation of dP^ m {z)jdv: 

ap±rn( \ I i 

^ = -^ ±m Wln^ + [V^±m + l)-^ + l)]P± m (z) 

,r(„± m + i) i^ 2 _ 1)±m/ w dt ft 2 -ir ln t + i 



r(z/ + l) 2"+ 1 tti ; 7^ ( +) (t-z)^"^ 1 2 

i> + i) 2^+ 1 7ri v ; 7^ (+ ) (t-z)"=Fm+i 2 v ; 

It is easy to see that for m = Eq. (|4.9p reduces to Eq. 

Next, replace in Eq. (|4.9[) ^ by —v — 1. Since, by virtue of Eq. (|3.7p . one has 

fl(-iz-l) dv { } 

and since it holds that 

i/j(-u ±m) - rj}{—v) = ip(v =F m + 1) - ip(v + 1), (4-H) 
the replacement leads to still another expression for dP^ m {z) / dv: 



dv 



P± m (z) In — + ty(u + 1) - T rn + l)]P± m (z) 

i> + i) 2^ ±m/2 r (t-z)^ t + i 

[ ] r(j/ =p to + 1) 7ri ij I) 1 * 1 * 2 



1 j r(i/ =p m + 1) 7ri 1} /^/(f-r^ 2 ' (4 - 12) 
Subjecting both integrals in Eq. (]4. 1 2[) to the variable transformation (|3.10p results in 

" dj / } = P„ ±m Wln^ + [^+l)-^Tm+lR ±m ( Z ) 
I>+1) 1 (z-\\ ±m/2 



T{v T to + 1) 2 1/+1 7ri + l 

/ , (u- l)"±™ u+1 
x ® du ; \ — -r^ m ■ 



(m-z)^ 1 z + 1 

r(i/ + i) i /z + i x±m/2 



r(i/=pm+ 1) 2^ +1 7ri \z - 1 

/ (u-lY ±m (u+lY* m u+1 
x <b du± V-rr^ In 7, 4.13 

where the path 'jf'W has been defined below Eq. (pTTTjl . With the aid of Eqs. (|HTTT|) and (pTT6j) . 
the above may be transformed into 

f)p±rn( \ I i 

ft, = -^ ±m Wln^- + [^ + l)-V^Trn+l)]P ;/ ±m (z) 

r(i/ + i) i /z-i^ ±m/2 



r(i/ qp TO + 1) 2 U+1 TT\ \z + l 

(u-l) v * m (u+l) v±m u + 1 

X (b du ; : — rz: In ■ 



V'M (m — z) v+1 2 

T{v + l) 1 fz + l^ ±m/2 



T(v + m + l) 2 v+1 Tri \z - 1 



x d> du- ; V-rr^ • ( 4 - 14 ) 

Jvw (it — z) v 2 v ' 
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5 Formulas for [dP^ m (z) / dv] v=n 

5.1 Evaluation of \dP™(z) / ' dv\ v=n for ^ m ^ n 
5.1.1 Rodrigues-type formulas 



Let us consider Eq. (|4.9|) . with the upper signs chosen, in the case when v = n and $J m $J n. 
We have 



dP™(z) 



dv 



Z+l 



+ [ip(n + to + 1) - V(n + l)]PJ?(z) 



dt 



(n + m)! 1 . 2 _ /2 
n\ 2™+ 1 7ri l j 

(n + m)! 1 :{z 2_ iym/ i (t d/ 



(t 2 - 1)" t + 1 



(i 2 -l)™ , t + l 

7 s TT hi ■ 

(* - 2)n-m+l 



n! 2 n+1 7ri 

(O^m^rT.) (5.1) 

(recall that the contour "if ( + ) is the one defined in Fig. [T|). We see that the only singularities of 
the two integrands in the domain enclosed by ^( + ) are poles of orders n + m + 1 and n — m+ 1, 
respectively, located at t = z. Thus, on applying the residue theorem, we find 



dP™{z) 



dv 



-P„ m (z)ln 



z + l 



+ [<0(n + to + 1) - V(n + 1)]^T(^) 



1 (n + m)! 

H 7 r 

2 n n! (n — m)! 



m/2 



jn+m 



dz nH 



(z 2 - 1) 



(z 2 - 1)" In 



z + l 



-m/2 



d n- 



dz r < 



(z 2 - l)"ln- 



z + l 



(0 < to < n). 

(5.2) 



Under the same assumptions, Eq. (|4. 14[) . with the upper signs chosen, becomes 



dP™(z) 



dv 



-P™{z) In i±i + [</>(n + 1) - </>(n - m + l)]P„ m W 



1 



z- 1 



(n - m)! 2" +1 7ri \z + 1 



m/2 



, (li - l) n " m (u + l)" +m , U+l 

dU ; ; rr; In 



(u — z) 
z+l 



(n - to)! 2" +1 7ri \z - 1 



l/2 



CLU ; ; — 111 



(0 < to «S n) (5.3) 



(it - z)™ +1 

(the contour ^'( + ) is the one defined below Eq. (|3.11[) V Since in the region surrounded by ^'( + ) 
both integrands in Eq. (|5.3|) have poles of order n + 1 located at u = z, by virtue of the residue 
theorem we obtain 



<9P™(z) 



1 



z + l 



+ [V>(n + 1) - i>{n - to + l)]P™(z) 



z - 1 



2™(n - to)! \z + 1 



m/2 



dz r 



1 



z + l 



m/2 



dz™ 



(z- l)"- m (z + l) n+m ln 
(z-l)" +m (z + l)"- m ln 



z + l 
2 

z + l 



2™(n — to)! \z — 1 
(0 to n). 

For to = 0, both Eqs. (|5~2"| and (|5~4]) degenerate to the Jolliffe's formula (fL"2"j) 



(5.4) 
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5.1.2 Some closed-form representations 

The Rodrigues-type formulas (15. 2|) and (|5.4[) may be used to express [dP™(z) / di/] v=n with ^ 
m ^ n in terms of parameter derivatives of particular Jacobi polynomials. Using Eqs. (|A.44[) , 
fO§]) . ([336]) and (|337| in Eq. (JOJ) gives 



dP™(z) 



dv 



P™(z) In i±l + [^(n + m + 1) - i/>(n + l)]P™{z) 



(n + m)\ ( z 2 — 1 



-™/ 2 ap(-™.ffl 

^ n+m 



n! V 4 / 9 /3 
(n + m)! /z 2 -l\ m/2 dPti ] (z) 



P=-m 



i! 



a/3 



(0<m<n). (5.5) 



13— m 



Similarly, exploiting Eqs. (T£T29j) . ([06]) . (j3li!?)) and (HUH)) in Eq. (f5"l| results in 



dP™(z) 



= P™(z) In i±l + [^(n + 1) - V(n - m + l)]P„ m W 



JS + 1 



m/2 ap^-m,/*)^) 



(ri — m)! \z — I J d(3 
n\ fz-l\ m/2 dPi m ' P \z) 



f3—m 



(n — m)\ \z + 1 



0/3 



f3=—m 



(0 < m < n). (5.6) 



The usefulness of these two formulas comes from the fact that, as it is shown in appendix [XJ 
it is relatively easy to obtain various representations of the parameter derivatives of the Jacobi 
polynomials entering Eqs. (|5.5|) and (|5.6p . 

Using Eqs. (|X45|) . (|X49]) . ([336]) and (j3~37|) in Eq. ([53]) gives 



9P-(z) 



z + l 



P™(z) In - [V(n + 1) + ^(n - m + l)]P„ m M 

z 2 -! ^ " l/2 ^ {k + n + m)ty(k + n + m + l) (z- \\ k 
' A;!(fc + m)!(n — m — fc)! 



fc=0 



(n-m)!Vz+iy ^ fc!(fc + m)!(ri-fc)! V 2 / ^. l J- 



(5.7) 



The same result is found if Eqs. (fOP]) , COT)) . (j3~3^]) and ([3~3"Ij) are plugged into Eq. (JH]). In 
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turn, inserting Eqs. (|A.46|) and (|A.50j) into Eq. (|53]) and using then Eqs. (pHl)]) and (pPT]) yields 



dP™{z) 



dv 



P™{z) In i±l + [V(n + 1) - V(n - m + l)]P„ m M 



(-)' 



(n + m)! / z 2 — 1 
(n — m)! 



-m/2 



m— 1 

E 



(fc + n — to)! (to — fc — 1)! /z + 1 



+ (-) 



k=0 
n+m 



k\{n + to — fc)! 



9 \ m/2 n— m 

2T - 1 X 



EH 



fe=0 



fe (k + n + to)! 
fc!(fc + m)!(n — to — fc)! 



x[^(fc + n + TO+l) -^>(fc + m + l)] 



2+1 



+ (-)' 



(n + m)! /z + l\ m/2 JV k (k + n)\ 



(n — to)! \z 



t Eh a 



fc!(fc + to)!(ti - fc)! 



x[V>(fe + n + 1) - -0(fc + 1)] 



2+1 



(0 ^ to ^ n). (5.8) 



Interestingly, if Eqs. (|A.31|1 . (|A.39|1 . (pH!?)) and are used in Eq. one arrives at the 

following representation of [9P™(z)/9^] t/= „ with ^ m ^ n: 



dP™{z) 



dv 



= P™(z) In i±l + [</>(n + to + 1) iJj(ti + 1)]P-^) 



z-l\ m/2, g (fc + n)!(m-fc-l)! ^z + l^ fc 



- + 



z 2 -l 



fc=0 



m/2 n- m 



E(- 



fc!(n-fc)! 



^fc (fc + n + rn)! 
fc!(fc + TO,)!(rt — to — fc)! 



x [i/>(fc + n + to + 1) - ^(fc + 1)] 



z + 1 



+ H' 



(ri + to)! /z + 1 



(tt, — to)! \z — 



m/2 n 



fc=0 



k (k + n)\ 
fc!(fc + TO,)!(n - fc)! 



x [ip(k + n + 1) - ^(fe + to + 1)] 



z + 1 



(0 < m u), (5.9) 



which does not seem to be trivially equivalent to that in Eq. (|5.8|) . Next, the formula 



dP™(z) 



P™{z) In iil + [^( n + i) + + m + l)]P™(z) 



n!(n + to)! 

m 

><E( 

n\(n + to)! 



z + 1 
z- 1 



m/2 



Z - 1 



2 

(fc-1)! 



(fc + n)\{k +n - to)!(to - fc)! + 1 



z - 1 



z - 1 
z + 1 



m/2 



Z+1 



E 

fc=0 



^(n — fc + 1) + tp(n — to — fc + 1) f z — 1 



fc!(fc + TO)!(n — fc)!(rt — to — fc)! \z + 1 



(0 ^5 to ^ n) 

(5.10) 
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is obtained if one combines Eq. with Eqs. l|A.47p . fOT]) . (|3~5rJ]l and (pH?) or Eq. (f5TB|) 

with Eqs. fOg)) , (fOO)) , (|3~32"1) and (|3"lS4"|) . From Eq. (f5TTU|) . it is immediately found that 
[9P™(z)/<9^]„ =ra with ^ m ^ n may be also written as 



dP™(z) 



P™(z) In i±l + [V(n + 1) + ^(n + m + l)]P„ m M 



-(-) m n!(n + m)! 



EH' 



z - 1 



m/2 



2 + 1 

(m — k — 1)! 



Z - 1 



fc=0 



kl(n — k)\(n + to — k)\ \z — 1 



z + l 



■ n\{n + m)! 

n — n 

*E 



Z+l 
Z- 1 



m/2 



Z - 1 



ip(k + 1) + ip(k + m + 1) /z + l 



fc=0 



fc!(fc + m)!(ra — k)\{n — to — k)\ \z — 1 



(O^m^ n). 



(5.11) 



Finally, inserting Eqs. (IA.35j) and (jA.42[) into Eq. (|5.6[) . after subsequent use of Eqs. (13.32j) and 
(|3~34|) . leads to 



3P™(z) 



P„ m (z) In ^±1 + [2V>(2n + 1) - ^»(n + 1) - ip(n - to + l)]P„ m (^) 



n— m— 1 



+ ( _ r+m ^ ( . 



2fc + 2m + 1 



(n — to — k){k + n + to + 1) 



1 



k\(n + to)! 



(fc + 2m)!(n — to)! 



^ n + mM 

2fc+ 1 



(n — to)! ^— ^ (n — fc)(fc + n+l) 



P fe ~ m (z) (0 s: to s: n). 



(5.12) 



For to = 0, the expressions (|5.7p to (|5. 12|) are seen to go over into the representations of 
[dP y {z)/du] u=n resulting from combining equation (TO|) with Eqs. (fTS) . (fTT6|) . ([0]) . (fL8]) . (fL9| 
and (|1.4|) . respectively. 



5.2 Evaluation of [9P™(2;)/(9z/] 1 y =n for m > n 
5.2.1 Relationship between [5P™(z)/ai/]„ =n and P+ m (z) 

For m > n the derivative [<9P™(z)/<9/v]„ = „ may be simply related to the function P~ m (z). To 
show this, we refer to Eq. (|3.17| . from which it follows that 



1 



lim 



(n + to)! f-»n [r(^ - to + l)]- 1 ' 
Applying the l'Hospital rule and exploiting the fact that 



(5.13) 



d 



1 



lim r 
>n a,v T(j/ — to + 1) 



tp(y — to + 1) 



= - lim ^ ' ^ = (-)" +m+1 (TO-rt-l)! (m>n), 



i/-m r(z/ — TO + 1) 



we obtain 



Pn "*(*) = (-) 



n+rn+1 



dP™{z) 



(n + to)! (to — n — 1)! c/V 



(to > n) 



(5.14) 
(5.15) 
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and consequently 

dP™(z) 



dv 



(-) n+m+1 (n + m)\[m - n - l)!P~ m (z) (m > n). 



(5.16) 



5.2.2 Rodrigues-type formulas 

The following two Rodrigues-type formulas for [dP™ (z) j 'dv] v — n with m > n: 



8P™{z) 



and 



9/. 



dP™(z) 



I / I 1 \ m /2 JTt 

(-)" +m+1 F (m - n - 1)! (^J ^ [(* - l) n+m (z + 1)" 



(m > n) 



(5.17) 



1 / 1 \ ^iri 

(-)" +ro+1 — (m - n - 1)! ( ^— J 3— [(« - l) n ~ m (z + 1)" 



^rri —ri—1 

dz r 



- (-)™2 n+1 n!(z 2 - l) m/2 - -(z 2 - I)""" 1 (to > n) 



(5.18) 



are obtained if one combines Eq. (|5.16p with Eqs. (|3.27|) and (|3.30|) . 

A further representation of this type results from Eq. (|4.9p . Setting in the latter v = n, choosing 
the upper signs and using Eq. (|3.23[) . we have 



dP™(z) 



dv 



(n + m)\ 1 2 _ /2 

n j 9n+l,ri ^ 



2" Ti 7Tl 

(n + to)! 1 



(£ 2 -l) n t+1 



+) dt (t - z ) n+m+1 



2 _ i \-m/2 



— - !) 

- 1 - TTl 



n! 2 n+1 7ri ./^ (+) (i - 



dt, ^ „lni±l 



(to > n). 



(5.19) 



Since m > n, the integrand in the second integral in the above equation is regular in the domain 
enclosed by the contour and thus this integral vanishes. In turn, in the same domain the 

integrand in the first integral has a single pole of order ti + to + 1 located at t = z, so that removing 
the cut (|3.3|) and applying the residue theorem to this integral, we find 



<9P™(z) 



dv 



I An+m 

(2 2 -ir/ 2 f- 



2™n! 



(z 2 - l)"ln 



z+1 



(to > n). (5.20) 



Since the order of differentiation is greater than the degree of the polynomial multiplying ln[(z 
l)/2], Eq. (|5.20p may be transformed into 



dP™(z) 



dv 



= 2^! ^ 1)W2 ^7 [(^ - l) n M* + 1)] (m > »). (5.21) 



dz™+ 



It is worthwhile to mention that from Eqs. (|5 . 1 5[) and (|5.2ip one may deduce the following 
Rodrigues-type formula for P~ m (z) with to > n: 



Pn^) = (-) 



n+m+1 



2 n n\(n + to)!(to -n - 1)! 



(z 2 - 1) 



" l / 2 - [(z 2 -l)"ln(z + l)] 



dz"+ m 



(to > n), 

supplementing the formulas given in Eqs. (|3.27|) and (|3.30|) . 



(5.22) 
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5.3 Evaluation of [dP- m {z)/dv\ v=n for < m ^ n 

For ^ m ^ n, the derivative [dP~ m (z) / 'dv\ v — n is most conveniently found with the aid of the 
relationship (|3 . 1 T[) . Differentiating the latter with respect to v gives 



dP-' m {z) _T{v-m + l) dP™(z) 
dv ~~ T(v + m + l) dv 

hence, it follows that 



+ [iP(p - m + l)-i/>(v + m + l)]p- m (z), 



(5.23) 



dP- m (z) 



dv 



(n - to)! dP™(z) 



(n-\-m)\ dv 
(0 < m < n) 



[ij)(n + to+ 1) - ip(n - to + 1)]P„ m (z) 



(5.24) 



(cf Eq. (|2.10[) ). Equation (|5.24[) may be used to obtain various representations of \dP v m (z) /dv\ v= 
with ^ m ^ n directly from those derived in section l5~Tl for \dP™(z)jdv\ v=n . 



5.4 Evaluation of [dP~ m (z) / 'du] u=n for m > n 
5.4.1 Rodrigues-type formula 

Choosing in Eq. (|4.14[) the lower signs and setting then v = n yields 



dP- m (z) 



dv 



= -P- m (z)la- 



- [ip(n + m + 1) - <tp(n + l)]P~ m {z) 



m/2 



(ri + m)! 2" +1 7ri - 1, 

(u- i) n+m (u+ iy 



x f du 



+ 



(u - z) n+1 

Z — 1 N 



In- 



(n + to)! 2™ +1 7ri \ z + !, 

(u- l) n - m (u+ l) n+r ' 



X <f> du 



(u-z) 



n+l 



In- 



(m > n). (5.25) 



Since the integrands in both integrals in Eq. (|5.25p are single-valued in the domain enclosed by 
in both cases the cut (|3.13[) in the u-plane may be removed. When this is done, it becomes 
possible (and, as we shall see in a moment, also convenient) to split the second integral in Eq. 



(|5.25[) into a sum of two: one over the contour ^ 

with the points u = ±1 left outside, and the other over the contour c ^'^ > around the point u = +1 
in the positive sense, with the points u = z and u = — 1 left outside; none of the two contours is 



around the point u = z in the positive sense, 
*'(+) 
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allowed to cross the cut (|3.12p . This results in 



dP~ m (z) 



dv 



+ 



-P- m (z)ln 



z + 1 
2 

1 



[V»(n + m + 1) - ^(n + l)]P~ m (.z) 



(n + m)\ 2" +1 7ri \ z ~ 1 



z + 1 



,/2 



, (u-l)"+ m (M+l)"- m , U+l 
QU . r -; In 



n\ 1 



(u - z) n+1 



(n + to)! 2™ +1 7ri \z + 1 



z - 1 



m/2 



d« ; ; — n hi — ^ — 

(u - z)™ +1 2 



z - 1 



m/2 



(n + m)! 2™+%! \z + 1, 

(u- l)"-" l (u+ u+l 



du 



V +1 



(+) 



(u - z) n+1 



hi- 



(m > n). (5.26) 



For a while, let us focus on the last term on the right-hand side of the above equation, i.e., on 



■CO*) 



z-1 

(n + to)! 2 n+1 7ri \z + 1 
(m > n). 



l/2 



du : : — —. In 

'(+) (u-z) n+1 2 

Li \ ' 



(5.27) 



Since in the domain enclosed by ^'S^ the only singularity of the expression under the integral 
sign is the pole of ordeiQ m — n — 1 located at u = +1, the integral might be taken by evaluating 
a residue of the integrand at this point. However, this method appears to be inconvenient for the 
present purposes. Instead, we change the integration variable to 



t = -1 + 2 



z + 1 
u+l' 



(5.28) 



obtaining 



n \ 2 n 2 - 2 
J " m(z) = ( ~ )m ' {n + m)\Vi^ 2 ~ 2 J V M ~" (< 2 - l)«+i 



(t - z) n - m z + 1 

dt TT. 7^ 7T In 



i! 2" 



(n + to)! 7ri 



_ (z 2_ ir /2 



d^C-Trm — 
■(+) (i 2 - 1)™ +1 2 



(to > ?i), 



(5.29) 



where the path ^J -1 ^ runs around the point t = z in the positive sense, leaves the points i = ±1 
outside and does not cross the cut (|3.2p . In both integrands, the only singularity within the domain 
surrounded by < ^i + ' ) is the pole of order m — n located at t = z, so that by the theory of residues 
we obtain 



Jn m {z) = (-) 



2™ +1 n! 



-(z 2 - l) m ' 2 



(n + to)! (to — n — 1)1 

_ (_) m z "■• r z 2 _ iym/2 

(n + to)!(to — n — 1)1 

(to > n). 



dz 

j m — n — 1 



In 



dz m ~ n 



n— 1 v ' 

(z 2 - I)-"" 1 In 



z + 1 
2 

z + 1 



(5.30) 



' At first sight, it might seem that the pole at u = +1 in the integrand in Eq. 1 15. 271 1 is of order m — n. The order 
is lower by one, however, due to the presence of the factor ln[(« + l)/2]. 
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A glance at Eq. (|3.3ip reveals that the factor in front of ln[(z + l)/2] in the first term on the 
right-hand side of Eq. ((OOj) equals P~ m {z) - (-) n P„; m (-z), i.e., we have 



Jn m {z) = [P- m (z)-(-) n P- m (-z)]ln 



z + 1 



2 n+1 nl 



(n + m)!(m — n — 
(m > n). 



I)! 1 ' < 



ln 



z + 1 



(5.31) 



We return to Eq. (|5.26|) . Evaluating the first and the second contour integrals on its right-hand 
side by residues and substituting the right-hand side of Eq. (|5.3ip for the last term leads to the 
following Rodrigues-type representation of \dP~ m (z)/dv] v=n for m > n: 



dP- m {z) 



( _)»+ip-™ ( _ z) l n 



z + 1 



[iP(n + m + 1) - ip{n + l)]P~ m (z) 



2 n (n + m)\ \z-l 



z + 1 



1 f z - 1 

2 n {n + m)\ \z + l 
2™ +1 r)l 

H" " 



l /2 jn 
dz" 

l /2 in 



(z-l)" +m (z + l)"- m ln 



dz Tl 



(z-l)"- m (z + l) 



In- 



z + 1 
2 

z + 1 



(n + m)\(m — n — 1)! 



(z 2 - 1) 



m/2 



dz 



rn — n—1 



(z 2 -ir 



ln 



z + 1 



(m > n). 



(5.32) 



5.4.2 Some closed-form representations 

Once the Rodrigues-type representation (|5.32p is known, we may proceed analogously as in section 
15X51 Exploiting Eqs. (|A~2%)) . (1X52)) . (|^3"3"|l . ([335]) and (|^3"5|l . we transform Eq. (j02"j) 

into 



dP- m (z) 



= (-) n P- m (-z) In i±i - [V(n + m + 1) - ^(n + l)]P-™(z) 



+ 



+ 



(n + m)\ \z + 1 



z-l\ m/2 dPi m ' P \z) 



8(3 



[3 — — 711 



n) ( z+l\ m/2 8P^ fi \z) 



(n + to)! \z — 1 



83 



(5—m 



! (z^-l\- m/2 dP { -T n ^\{z) 



(n + to)! 



8(3 



(m > n). 



f3 — — m 



(5.33) 



If in Eq. (|5.33p use is made of relevant representations of the parameter derivatives of the Jacobi 
polynomials listed in appendix [Al and then Eqs. (|3.33p . (|3 .35[) and (|3.38p are applied, this leads to 
several alternative closed- form expressions for \dP~ m {z)jdv\ v=n with m > n listed below. Using 
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the representations (|A.30[) , (|A.38[) and (|A.53[) . we obtain 



dP- ,n (z) 



dv 



(~) n P- m (-z) In ^1 - (-)" Mn + m + 1) + j,(n + l)]P„- m (-z) 



2-1 



m/2 n 



(fc + n)!i/>(fc + n + 1) ( z-\ 
fc!(fc + m)\(n - k)l 



(-)' 



z+l 



(n + m)\(m — n — 1)! \z — 1 



m/2 



£(-) 



k (k + n)\(m - k - l)\ijj(k + n + 1) / 2; - 1 



fc=0 



k\(n-k)\ 



+ (-)' 



z 2 -l 



-m/2 



1 ( TO — ^ — + to — k + 1) ( z — I s k 



k=0 



k\(n + m — k)\{m — n — fc — 1)! \ 2 



(m > n). 



(5.34) 



If Eqs. (|A~32"1) , (|A~39)l and (|A~54)) are plugged into Eq. ([Q3D . this results in 



dP- m {z) 



dv 



H n W ln ^ + W m - n) - + 1)]^ 

1 m/2 (fc + n)!(m-fc- 1)! 

(n + to)!(to - n. - 1)! \z + l) f—i 



x [tp(k + n + 1) — ^(to — k)] 



z + l 



k=0 
k 



k\{n-k)\ 



m/2 n 



» (t + n)! 



fc!(fc + m)!(n - fc)! 



x [ip(k + m + 1) - V^(fc + n + 1)] 



z + l 



(-)' 



9 ^ \ —m/2 m—n—1 

z z - 1 x 



E (-)* 



(m — fc — 1)! 



fc=0 



fc!(n + m — fc)!(m — n — k — 1)! 



x [?/;(n + to — fc + 1) — ip(m — fc)] 



z + l 



(to > n). (5.35) 
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In turn, use of Eqs. (|A.34[) , (IA.41[) and (|A.55[) gives the expression 



dP- m (z) 



dv 



= (-) n P- m {-z) In i±l - + m + 1) - tf(m - n)]P-"*(*) 
+ (-) n [V>(n + m + 1) + V(n + l)]P~ m (-,z) 



(-) r 



2+1 



m/2 



2+1 



-n-1 



n!(n + to)! \z — 1 

" 1 (fc + n)!(m - A: - + n + 1) /z - 1 N fc 



E 



A;!(to — n — fc — 1)! 



z + l 



(to — n — 1)! \z + 1 



z-l 



i/2 



Z+l 



E(- 



fc (fc + to — n — l)\ip(Jc + to — n) f z — 1 



k=0 

(-) 



fc!(fc + m)!(n - fc)! 



z + l 



(to — n — 1)! \z — 1 



z + l 



m/2 



Z+l 



E(- 

fc=0 



fe (to — fc — l)!"0(n + m — fc + 1) i z — 1 



k\(n — fc)!(n + to — fc)! \z + l 



from which the counterpart representation 



(to > n), 



(5.36) 



dP- m {z) 



dv 



(-) n P- m (-z)ln 



z + l 



+ to + 1) - t/>(to - n)]P~ m (z) 



+ (-) n Mn + m + 1) + V(n + l)]P ? 7 m (-z) 



(-)" ^-1 



n!(n + to)! \z + 1 



m/2 



z-l 



"\A 1 (fc + n)!(m- Jfc-l)ty(m- fc) ^z + l x fe 



fc=0 



fc!(m — n — fc — 1)! 



z - 1 



(m — n — 1)! \z + 1 



z - 1 



m/2 



Z-l 



E(- 

k=0 



k (to — fc — 1)!t/>(to — fc) /z + l 



fc!(n — fc)!(n + to — fc)! \z — 1 



(to — n — 1)! \z — 1 



z + l 



m/2 



Z-l 



E(- 

fe=0 



fe (fc + to — n — l)!-0(fc + to + 1) /z + l 



fc!(fc + to)!(ti - fc)! 



z - 1 



(to > n) 



(5.37) 
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follows immediately. Finally, application of Eqs. (|A.35[) , (|A.43[) and (|A.56[) yields 



dP~ m {z) 



dp 



(-) n p- m (-z)ln- 



1 



1 



2 2n + 1 

+ (-) n [ip(2n + 2) + i\){2n + 1) - ^{n + 1) - <tp(n + m+ l)}p-" l (-z) 
2k + 1 



n-l 



(-rE(-)' 



fe=0 

X 

m — n — 1 



(n - fc)(fc + n + l) 



(n + m)!(m — n — lj! 



- E (-) 



fc=i 



2/c + 2n + 1 r m \k+n -r,-™, t \1 / - \ 

fc(fc + 2n+l) IWs)-(-) W"*)] ("»>»)• 

(5.38) 



5.5 The function [dP± m (x) /&/]„=„ 

All representations of [9P^' Tl (2:)/9i/] I/= „ derived so far in this section are valid for z 6 C \ [—1,1]. 
To obtain corresponding formulas for [dP^ m {x) / du] u=n with — 1 ^ x ^ 1, we may use Eq. (I3.19[) . 
Differentiating the latter with respect to v and setting then v = n yields 



dP,f m (x 



<9P„ ±m (x + iO) 



2 dP± m (x-iO) 



du 

+ i7Tm/2 dP± m (x + iO) 



dv 



9f 



2 9P±™(^-iO) 



dv 



(5.39) 



Particular expressions for [dP± m (x)/dv\ v=n , including the Carlson's formulas ([22]) and (p+T|) . 
arise if one combines successively Eq. (|5.39|) with the results of sections [5+1 to 15 .41 using Eq. (|3.20ll 
and the identities 



.T + l±iO = x + l, x-l±iO = c ±i7r (l-a;) (-1 < x < 1) 



(5.40) 



whenever necessary. The procedure is straightforward and therefore we do not list here the resulting 
formulas. 



6 Some applications 



6.1 Construction of the associated Legendre function of the second kind 
of integer degree and order 

In this section, we shall apply the results of section [5] to obtain several representations of the 
associated Legendre function of the second kind of integer degree and order. 
The following formulas: 



2 sin(7rj/) 



(Im(z) ^ 0) 



and 



(6.1) 



(6.2) 



T(v + m + 1) 

may serve as the definitions of the associated Legendre function of the second kind of non-negative 
and negative integer order, respectively. 

In the limit v — ► n, in the case of ^ m ^ n, after exploiting the l'Hospital rule, from Eq. (16. ip 
we obtain 



1 1 8P m (z) 

Q^(z) = T^P^(z) + -—^- 



(-)" dP™(-z) 



Op 



(0 < m < n, Im(z) ^ 0), (6.3) 
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while Eq. 



gives 



Qn m i*) = (0 < m < n). 



(6.4) 



(n + m)! 

Inserting particular representations of [dP™ (±z) / dis] u=n derived in section [5] into the right-hand 
side of Eq. (|6 - 3(1 and using, whenever necessary, some of the properties of P™(z) featured in section 
IH yields a variety of formulas for Q^ m (z) with < to < n. If Eq. ()5.2|1 is plugged into Eq. (|6.3p . 
use is made of the property 



1-z 

and the result is combined with Eq. 



m = in ± i7r 



(Im(z)^O), 



-P„ ±m (z) ln^— + -r—Az 2 - 1) 

(n±m)l 1 2 /a d^™ 

(nTm)!2»+ 1 ti! 1 j 



z-1 

this leads to the following Rodrigues-type formula 

z + 1 



(6.5) 



1 r 4- 1 1 jriim 



(z 2 - 1)" In 



(z 2 - 1)" In 
z + 1 



z- 1 



z-1 
(0 ^ m ^ n). 



(6.6) 



If Eq. (|5.4p is used instead of Eq. (|5.2[) , this gives 



+ 



1 



2 n + 1 (n + m)! V- 2 + 1 
1 



z-l\ m/2 d" 



dz r 



2«+ 1 (n =p m)\ \z-l 
(0 ^ to ^ n). 



. -. \ m/2 

z + 1 \ d 



dz n 



(z-l)"- m (z + l) rl+m ln 
(z-l)" +m (z + 1)"-™ In 



z + 1 



z - 1 
z + 1 



z - 1 



(6.7) 



The latter formula has been also found by the present author, in a different way, in [59, section 4]. 
If Eq. ((571) is employed to evaluate [ dP™( z)/du] v = n and Eq. (JSHJ) to find [dP^(-z)/dv] v=n , or 
vice versa, from Eqs. (|6.3p . (|6 .4|) and (|3.22p we obtain 



with 



where 



W r n™W = $-r^rW;v: l [:i id - „/ : „). 



(n + m) ! 



(6.8) 
(6.9) 



W^z) = ±i>{n + l)P™{z) 



+ 



(±)"(+) m (n + m)! /z 2 - 1 



-m/2 



(n — m)\ 



k (k + n — m)!(m — fc — 1)! /z + 1 



T 



fc=0 

(+)«+"* / : 



fc!(n + to — fc)! 



2 \ m/2 n— m 



fc (fc + n + in)\i]j{k + to + 1) /z + 1 
fc!(fc + m)!(n — m — fc)! 



t (±)" (yi + to) ! p + iy n/2 ^ (±)fc (fc + n)!^(fc + l) (z + V k 



2 (n — to)! \z ± 1 
(0 ^ to ^ n). 



k=0 



fc!(fc + m)!(n - fc)! 



(6.10) 
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If Eq. (|5.9[) is used instead of Eq. (|5.8p , this results in 

W£Li(«) = ±-[<P(n + m + l)+i)(n-m + l)}P™(z) 



T 



T 



T 



(±) n {~) rn fz±l 



2 



z z -l 



k (fc + n)\(m -k-l)l (zTl 
' fc!(n-fc)! 



m/2 m— 1 
fc=0 

m/2 yJ (±)fc (/.• + » + ///)!(•(/,• + I) ( : : I 



(±)" (n + m)\ (ztI 



k=0 
m/2 n 



fc!(fc + m)!(n — m — k)\ 



fe (k + n)\tp(k + m + 1) /z^l 



2 (n- to)! ±1, 
(0 ^ m ^ n). 

In turn, if use is made of Eqs. (|5. 10[) and (|5.1ip . this yields 



kl(k + m)\(n - k)\ 



(6.11) 



W^(z) = ±-n\(n + m)\ 



z±l 

z~r~i 



m/2 



ZTl 



fc=l 



(A -1)1 



(fc + n)!(fc + rt — m)!(m — k)\ \zi 1 



=F „ 7i!(w +m)! 



2 

m — 1 



z± 1 



m/2 



EH* 



.ZTl, 
(to — fc — 1)! 



z ± 1 



k=Q 



k\(n — k)\(n + to — fc)! \z ± 1 



± — n!(n + to)! 



ZTl 
z±l 



i/2 / i i \ n n—m 
' Z ± 1 



E 

fc=0 



fc!(fc + TO,)!(n — fc)!(n — to — fc)! 



x [V>(n - to - fc + 1) + -0(n - fc + 1) - if}(k + to + 1) - ip(k + 1)] 
(0 ^ to ^ n). 



zTl 
z±l 



(6.12) 



Finally, application of Eq. (|5.12|) to evaluation of both [<9P™(z)/9^]„ =n and [dP™(~ z)/dv\ u = n 
leads to 



2fc + 1 



2(n-m)!^ (n-fc)(fc + n + l) 



[ W^) - R" V"(z)] 



E 



1 



l-(-) 



2fc + 2to + 1 



2 (n — to — fc)(fc + n + to + 1) 

k\(n + m)! 



(fc + 2TO,)!(n — to)! 
which may be more conveniently rewritten as 



PkUnW (O^TO^Jl), 



(6.13) 



m— 1 



w^(z) = i^E( 



2fc+ 1 



2(n-m)!j^ (n-fc)(fc + n + l) 

int[(n-m-l)/2] 

E 



fc=0 



2n - 4k - 1 
(n-fc)(2fc + l) 



(n + to)!(?i — to — 2fc — 1)! 



(n — to)!(« + to — 2fc — 1)! 



Pn-2k~l(z) (O^TO^n). (6.14) 
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From Eq. (|6.9p and either of Eqs. (|6.10[) to (|6.14p it is seen that the functions W^l(z) possess the 
property 

W±0i(-z) = (-) n+1 W±_ ro i(^) (O^m^n). (6.15) 

Some of the above representations of W™_ 1 (z) were already obtained, in different ways, in 
earlier works. In particular, the representations in Eq. (|6.11[) were derived by Robin [46, pp. 81, 
82 and 85] (in this connection, cf footnote [2] on p. |4|), while these in Eq. (|6.12|) may be deduced 
from the findings of Snow [43, pp. 55 and 56]; an alternative method of arriving at the expressions 
(|6.1ip to (|6.14j) has been also presented by the author in [59, section 4]. 

We proceed to the case of to > n. In virtue of Eq. (|3.23[) . from Eq. (|6.ip now we have 



1 dP?(z) 



th 



(-)" dP?(-z) 



th 



(m > n). 



(6.16) 



Evaluating the first term on the right-hand side of Eq. (|6.16p with the aid of Eq. (|5.17p and the 
second one with the aid of Eq. (|5.18p (or vice versa), we arrive at the Rodrigues-type formula 



Am — Tt— 1 



(to > n). 



Alternatively, we may use Eq. (|5.20p (or Eq. I|5.2ip ) in Eq. (|6.16p . This gives 



1 



m/2 



dz n ^ 



(z 2 - l)"ln 



1 + z 

1 - z 



(to > n). 



(6.17) 



(6.18) 



Using Eq. (16. 5p and observing that in Eq. (|6. 18|) the order of differentiation is greater than the 
degree of the polynomial multiplying the logarithm, the above formula may be cast into 

An+m 

&Z n+r ' 



1 

Qn (*) = TT^rSz 2 - 1 ) m/2 ^— J 



{z 2 - l)"ln 



z + 1 



z-1 



(to > n). 



(6.19) 



Another remarkably simple expression for Q™(z) with to > n follows if in Eq. (I6.16P one uses Eq. 
([53611 : it is 



\n+m+l 



-(n + m)l{m-n-l)\[P- m {z)-{-) n P- m (-z)] (to > n) (6.20) 



(cf [46, Eq. (63) on p. 35]). 
The following relation: 

Q-„-l(z) = Q?(z) -7TCOtMP™(2) 

may be easily derived from Eq. (|6.ip . From it, by virtue of Eq. (|3.23p . one finds 



dv 



(to > n). 



(6.21) 



(6.22) 



It is thus seen that representations of Q™ n _ 1 (z) with rn > n may be straightforwardly deduced 
from those of Q™(z), with the use of the findings of section IB~2l In this way, one arrives at 



( _)nH 



-(n + m)!(m-n-l)![p- ro (z) + (-) n p- m (-^)] (m > n) (6.23) 



and 



I jn+m 

OViW = "S^C* 9 ^ i)™ 72 ^^ [(*' - 1)"M* 2 - !)] (™ > n). 



(6.24) 



2 n+1 n! dz"+ r ' 

Other Rodrigues-type formulas follow if one couples Eq. (|6.23p with Eqs. (|3.27p and (|3.30p . 

Concluding, we observe that on the cut — 1 ^ x ^ 1 counterpart expressions for the associated 
Legendre function of the second kind of integer order may be obtained from the results of this 
section by combining them with the defining formula 



(-Y 



3 =f i 7r m / 2 /~\ ± m 



Qt m {x - 10) 



(6.25) 
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6.2 Evaluation of [d 2 P™(z)/dis 2 ] v=n for m > n 

In this section, we shall show that if to > n, then the knowledge of [dP~ rn (z) j 'dv\ v=n allows one 
to evaluate [d 2 P™{z)/dv 2 ] u=n . 

To begin, we observe that from the easily provable (cf Eqs. (|2.3| and (|2.4p ) identity 



V>(0 = W - - cos«)r(c)r(i - 

it follows that 

ij}{y — m + 1) = tj)(m — v) — cos[7r(z/ — to + l)]T(m — v)T(v — m + 1). 
With this, Eq. (|5 . 23[) may be rewritten as 



(6.26) 



(6.27) 



dP-' m (z) 
dv 



[ip(m - v) - tp(v + m + l)]P~ m (z) + 



Y{y — to + 1) 
T(v + m + 1) 



I — - coaMv - m + l)ir(m - f)I> + m + l)P,7" l (z) 
[ dv 



(6.28) 



In the limit v — > n (with m > n), Eq. (|6.28[) becomes 

ap- m (z) 



= - [V»(n + m + 1) - ip(m - n)]P n m (z) 



1 



(n + m) ! f — 



lim r(z^ — m + 1) 



gg£(g) 
dv 



cos[k(v - to + l)]r(m - i/)r(i> + m + l).F7 m (z) \ (m > n) 



(6.29) 

The limit which remains to be evaluated on the right-hand side of Eq. (|6.29p may be taken with 
the aid of the l'Hospital rule. This gives 



dP- m (z) 



dv 



= -2ty>(n + to + 1) - V(m - n)}p- ,n (z) - 



dP- m {z) 



dv 



(-) 



l 



d 2 P™(z) 



[n + m)!(m — n — 1)! <9^ 2 
Solving Eq. (|6.30|) for [9 2 P™(z)/9^ 2 ]^ =n results in the sought relationship: 
d 2 P™(z) 



(to > n), (6.30) 



(-) n+m+1 2(n + m)!(m - n - 1)! 



x J [V»(n + m + 1) - V(m - n)]f- m (z) + 



dP~ m (z) 



dv 



(to > n). 

(6.31) 



Various explicit representations of [d 2 P™ (z) / dv 2 \ v=n with m > n may be obtained from this 
formula with the aid of the results of section 15.41 

A counterpart expression for [d 2 P™ (x) / 'dv 2 \ v=n with m > n, in terms of \dP~ m {x)/dv] v = n 
and P~ m (x), follows if one combines Eq. (jOT]) with Eqs. (|3~Ti?j) and ([535]) . 

6.3 Evaluation of [9Q™(-2)/9z/]^ =n and [9QJJ i (2)/9z/] i/= „ n _ 1 for m> n 

Finally, below we shall show that for m > n it is possible to relate the derivatives [dQ™ (z) / dv} v=n 
and [9QJJ 1 (z)/9i/] I/= _ n _i to the derivatives [9P~ m (±z)/9^] l/=n . 
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Differentiating Eq. (|6.1[) with respect to v gives 

acc(z) 



dv 



- co^ V )Ql\z) =F -i^-p™(z) 



1 ^ v dP?{z) l dP™(-z) 

2 dv 2 dv 



(Im(z) ^ 0). 



(6.32) 



In the limit v — > n, after making use of the l'Hospital rule, from Eq. (|6.32[) we have 



dQ?{z) 



dv 



dQT(z) 



dv 

1 d 2 P r l/ n (z) 



(-)" d 2 P™{-z) 



2 a^ 2 

Solving Eq. (jPSji for [<9Q™(z)/<9^ = „ gives 



c^ 2 



(Im(z) ^ 0). (6.33) 



dv 



1 d 2 P™(z) 
4 



(-) n a 2 p™(-^) 



(Im(z) ^ 0). 



(6.34) 



So far, n has been an arbitrary non-negative integer. Imposing in Eq. (|6.34p the restriction m > n 
and using Eq. (|3.23p , we obtain 

ld 2 P™{z) (-)" <9 2 P™(-z) 

+ 4 dv 2 



dQ?(z) 



dv 



1. 8P™(z) 
2 01/ 



(m > n, Im(z) ^ 0). (6.35) 

To eliminate the second derivatives from the right-hand side of Eq. (|6.35p . we may exploit Eq. 
(|6.3ip ; in this way, using additionally Eqs. (|5.16|) and (|6.20[) , we find 



di 



[tp(n + m + 1) - ip(m - ri)]Q%(z) 

{ \n-\-TH 

+ (n + m)!(m - n - 1)! 

dP- m {z) 



±mP~ m (z) 



dv 



+ (-)' 



„dP- m (-z) 



dv 



(m > 7i, Im(z) ^ 0). 
Proceeding analogously, with the aid of Eq. (|6.23[) and the relationship 

d 2 P™{z) _ d 2 P™{z) 



dv 2 

resulting from Eq. (|3.7p , one obtains 
dQ™(z 



dv 2 



(6.36) 
(6.37) 



dv 



= - [ip(n + m + 1) - ip(m - n)]g m „_ 1 (2;) 



u——n—l 



(_)»H 



±i7rP- m (z) 



(m > n, Im(z) ^ 0). 



(77 + 777)!(777 — 77 — 1)! 

dP~ m {z) 



dv 



+ H 



n ap-™(-z) 



dv 



(6.38) 

Equations (|6.36|) and (|6.38p may be combined with the formulas found in section l5T4"l to yield several 
explicit representations of [dQ™ (z) / dv] u=n and \dQ™ (z) / du] v =- n -i with m > n. 

To derive counterpart expressions on the cut — 1 ^ x ^ 1, one should use the results (I6.36| and 
flOHt in conjunction with Eqs. ([6^25]) . ([3T9]) and ([539]) . 
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A Appendix: Some relevant properties of the Jacobi poly- 
nomials 

The Jacobi polynomials [77] may be defined through the Rodrigues-type formula 

1 <\ n 
P -"" f " (j) = 2^! ( " " + ir "dF [<J " ir+ ° <2 + ''"'l (a "' J e C) ' (A,1) 

Y[n + a + (3 + 1) 

then P^'ft (z) is a polynomial in z of degree n. From Eq. (|A.1|) it is seen that 

P^ a \-z) = (-TP^\z). (A.3) 

The following explicit representations of Pn a '^(z) have proved to be useful in the context of 
the present paper: 

P ( a ,0) h) _ Tjn + a + l) " T{k + n + a + P+l) ( z - l \ k 
n [> T(n + a + (3 + 1) ^ Q kl(n- k)\T{k + a + l) \ 2 J ' { ' ' 



" 1 ' r(-n-a)T(n + a + /3 + l) 



p ( a ,p) (A = ( V i T (~ n - a ~ P) T(-k-a) / z - l \ k 

n [> [ ' r(-n-a) £j kl(n - k)T(-k - n - a - p) \ 2 J ' 

+ n + a + [3 + 1) f z + 1 
11 1 ) = y~) T ( n + a + p + i)2^-> kl(n- k)\T(k + (3+1) \~^2~ 



P^\z) 



P^Hz) = T{n + a + l)T(n + (3+l) 



^ fc!(n - fc)!r(fe + a + l)T(n + /3 - fe + 1) U + lJ ' (A ' 10 ' 



2 — 1 



(A.6) 
(A.7) 



T(-n- (3)T{n + a + (3+ 1) 
^^ T(-k-l3)T(k + n + a + (3+1) fz + l\ h 

n l J r(-»-/9) ^ l ' k\(n - k)W(-k - n - a - (3) \ 2 / ' [ ' 
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T(n + a + 1) fz + 1 
r(-n-/3) 



E(- 

fe=0 



fc r(fc - n - g) ( z-1 
' k\(n-k)\T(k + a + l) \z + l 



(A.ll) 



P («,fflr^ - / yt r(n + /j + i) / z + l 

" 1 J ~ 1 j r(-n-a) ^ 2 

r(-fc-a) 



Eh* 



fe=0 



z-1 



k\{n - k)T(n + (3 - k + 1) \z + 1 



(A.12) 



and 



P^\z) = 



T(-n - a)F(-n - (3) 



z+l 



E 

fc=0 



T{-k - a)T(k -n- 13) (z-1 



k\{n-k)\ 



z + l 



(A.13) 



Differentiation of Eq. (|A.1[) with respect to (3 gives 
dPt \z) 



d(3 



= -P^{z)\n{z + 1) 

i ,-1" 
+ ( z - + X ) t( z " + l ) Hz + 1)] • (A.14) 



2 n nV ' v ; dz 
By virtue of Eq. (jA.lj) , the above result may be rewritten in the form 



dp[ a ' 0) (z 
d/3 



■P^\z)\n 



z + l 



1 d n 

2 n nV ' K ' dz n 



(z-l) n+a {z + l) n+p In 



z + l 



, (A.15) 



which is more suitable for the purposes of the present paper. Next, differentiation of Eqs. (|A.4[) to 
()A.13|) with respect to (3 yields the following formulas: 



dP { n a ' \z) 
d(3 



^(n + a + {3 + l)P 7 [ a -P\z) 

T{n + a + l) ^T{k + n + a + (3 + l)ip(k + n + a + (3 + 1) / z — 1 



T{n + a + (3+ 1) 



E 

fc=0 



fe!(n-fe)!r(A; + Q! + l) 



(A.16) 



dPj a > \z) 
d/3 



■ij(n + a + (3+l)Pi a ^(z) 

tr 

r(-n - a)T(n + a + (3 + 1) 



EH 

fc=0 



k T(-k - a)T(k + n + a + (3 + l)ip(k + n + a + (3 + 1) ( z-1 



k\(n-k)\ 



(A.17) 



dPt \z) 

d(3 



-^{-n-a-(3)P^\z) 

T{-n - q - /3) " T(-fc - a)V>(-fc - n - a - (3) (z - T k 
+ H T(-n-a) ^ k\(n - k)W(-k - n - a - f3) 



(A.18) 



29 



d(3 = mn + (3+l)-^(n + a + (3+l)]Pi a ^(z) 

T(n + (3 + 1) ^ k T(k + n + a + (3 + 1) 



r(n + a + /3+l) ^ v 7 fc!(n-A;)!r(fc + /J+l) 
x[^(k + n + a + p + l)-^(k + l3 + l)}(^-] , (A.19) 



1 T(-k - /3)T(k + n + a + (3 + 1) 



r(-n - /3)r(n + a + /3 + 1) fc!(n - A;)! 

x[^(fc + n + a + /3+l)-^(-fc-/3)] f^tl) , (A.20) 



" = ^(-„-/3)-^(-„-a-/?)]P£"'«(*) 



9/3 



r(- n - a -^) " Nfe T(-fc-/3) 



r(-n-/3) ' M(n - k)\T(-k - n - a - (3) 

x m-k-n-a-f3)-^(-k-f3)}(^-) , (A.21) 



( j = ^n + (3 + l)P^\z) 

z+1 
2 



-r(n + a + l)r(n + /3 + l) 



V ^n + p-k + l) ( z _l\ k (A 02) 

f-^kl{n^k)\T(k + a + l)T(n + l3-k+l)\z + lJ ' { ' ' 



dP ^ (Z) = ^-n-(3)P^(z) 

T(n + a + l) ( z + 1 



Y{-n-(3) 
\ 

k\(n - k)\T(k + a + 1) \z + lj ' 



^ k T{k-n-P)jj{k-n-{3) (z-l\ k 



fc=0 



dFn [Z) = ^(n + 0+l)P^\z) 



d(3 

T(n + (3+l) (z + l\ n 



{-)' 



r(— n — a) 



fe=0 



fc 



v k T{-k-a)jj{n + l3-k + l) ( z-l \ 
Z- 1 ' k\{n-k)\T{n + p-k + l) \z + lj ' ( ' ' 
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dP^\z) 
dp 



(-)" 



r(-n - a)r(-n - /3) 



z + 1 



r \ T(-k - a)T(k -n- P)ip(k -n-j3) (z-1 



E 



k=0 



(A.25) 



k\{n-k)\ \z + l 

Consider next the relationship [58, equation (1.23.2.2)] (for two different proofs, see [78,79]) 



dp 



= [tp(2n + a + p + l)- ip(n + a + P + l)]P^\z) 



+ (-r 



2k + a + P+l 



T{n + a + 1) 

T(n + a + p + 1) ^ ' (n- k)[k + n + a + + 1) 



r(fc + a + /3 + i ) d(c 

T(k + a + l) 



(A.26) 



From it, after exploiting elementary properties of the gamma and the digamma functions [5-7], 
one obtains two related formulas: 



dPk a ' P \z) 
dp 



[4>(2n + a + p+l)-iP{n + a + p + l)]P { n a ^(z) 

1 ^ 2k + a + P + 1 



+ 



E 



and 



dPj a ' 0) (z 
dp 



r(-n - a)T{n + a + p + 1) ^ (n - k)(k + n + a + P + 1) 
xT(-k - a)T(k + a + p+ l)p[ a < 0) (z) 



[i/j(-2n -a-P)- %l>(-n -a- P)]P^ p \z) 

2k + a + P + l 



(A.27) 



T(-n-a) ^ v ' (n - k)(k + n + a + P + 1) 

r(-fc-q) (aiffl 
r(-fc-a-/3)^ 



(A.28) 



The following special cases of Eqs. ()A. 15|) to (|A.28|I have been exploited by us in sections f5. 1.21 
and 15.4.21 (notice the constraints imposed on m in some of the formulas listed below) : 



dpjr ,0 \z 



dp 



= -Pi m - m \z)\n 



z + 1 



(3= — m 



1 /z + 1 



2 n n\ \z-l dz 



(z-l)™ +m (z + l)"- m m 



z+1 



(A.29) 



dPi m ^\z) 



dp 



(3— — m 



= -^(n + l)Pi m - m \z) 

(n + m)\ ^ (k + n)\ip(k + n + 1) (z - 1 
n! k\{k + m)\{n — k)\ 



(A.30) 
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dP^\z) 



dp 



fj=-rn 



- [iP{n + 1) - V(n - m + l)]P,l m <- m) (^) 

^+m ("- m ) ! ^ (fc + n)!(m-fc- 1)! + fe 



fe=0 



k\{n-k)\ 



\ / i — n 



(fc + ra + to)! 



2 / ' fc!(fc + m)!(n-m-fc)! 

/c— 



x [tp(k + n + to + 1) - VO + 1)] 



z + 1 



dP^ m ' \z 



dp 



[3— — ra 



+ 



E 



(k + n)\(m- k- 1)\ 



n!(m — n — 1)! ^-^ fc!(n — fc)! 



x [i/>(fc + n + 1) - ^(m - fc)] 



z + 1 



(0 ^ to ^ n), 



(A.31) 



(to > n), (A.32) 



dp<r j3 \z 



dp 



(3— — m 



dP^\z) 



dp 



0=-m 



dPi m ' 0) (z) 



dp 



tP(n-m + l)P^ n -- m \z) 
(n — m)\(n + m)\ 

n — ra 

*E 

k=0 



ip(n — to — fc + 1) ( z ~ 1 

fc!(fc + m)!(n - fc)!(n - to - fc)! \z + 1 



— (ra — ra)\(n + m)\ 

m 

><EH fe 



1 \ / " / 1 
Z + 1 \ / 2 — 1 



z- 1/ V 2 
(fc-1)! 



fe=i 



(fc + ra)!(fc + n — to)!(to — fc)! \z + 1 



z - 1 



^(m-n)P,( m '- m )(z) 

(n + to)! / z + l\ n 



(m-n-1)! V 2 



(0 < to < n), 
(A.33) 



EH' 

fc=0 



. (fc + to — n — l)!i/>(fc + to — ra) ( z — \ 



k\{k + m)\{n - k)\ 



z + 1 



(m > n), 
(A.34) 



/3=-m 



= [^(2n+l)-^(n+l)]P^- m )(z) 
| ^ ^ (r* + m)! ^ ^ fc 2fc + l 



fc! 



^(m,— m) 



fe=0 



(n - fc)(fc + ra + 1) (fc + to)! 



(*), 

(A.35) 
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dPi~ m ' \z) 



dp 



.p(-m,m)^ Xn 



z + l 



0=m 



+ ■ 



1 fz-l\ m d" 



2 n nl \ z + 1 J dz 



(z - l) n -" l (z + l) n+m In 



z+l 



(A.36) 



dPt m ^(z) 



5/3 



fi=m 



= -i/,(n+l)P<T m ' m Hz) 



(n — to)! / z — 1 



+ n! V. - 

(0 < to ^ n), 



m n—m 

E 

fc=0 



(fc + n + m)\ip(k + n + m + 1) f z — 1 



fc!(fc + TO.)!(n — m — k)\ 



(A.37) 



9/3 



/3=m 



= -^(n + l)P/r m ' m )(z) 



+ 



(-)" 



£(-) 



fe (fc + n)\{m -k- l)\ip(k + n + 1) / 2; - 1 



n!(m-n- 1)! ^ o 
(to > n), 



fc!(n-fc)! 



(A.38) 



^""^(z) 



9/3 



/3=m 



[tP{n + to + 1) - ^(n + l)]Pt m - m) (z) 
+ (-) 



„(n + m)!^ ^ fc (fc + n)! 



a: ' k\(k + m)\{n - k)\ 



x[^(k + n + 1) - iP(k + m + 1)} (^y^) > (A.39) 



^-"^(z) 



a/3 



/3=m 



i>{n + m + l)Pt nhm) (z) 
,' z — 1 

(ra — TO,)!(n + to)! 

n — rr. 



2+1 



ip(n - k + 1) 



fc=0 



z - 1 

fc!(fc + m)!(n - fc)!(n - m - k)\ \z + l 



(0 < to < n), 

(A.40) 



dPt m ' P \z) 



9/3 



/3=m 



?A(n + TO + l)P,(r m ' m )(z) 

(n + to)! /z + l 



-(-r 



(m - n - 1)! V 2 



£(- 

fe=0 



fe (to — fc — l)!^/)(n + to — fc + 1) / z — 1 



fc!(n-fc)!(n + m- fc)! 



z + l 



(m > n), 

(A.41) 
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dPi~ m ' \z) 



op 



, / Nn+m ( W - m ) ! n \^\\k 2fc + 2m + 1 

^ l ^ ^ > ( n -m.- 



n) 



k=0 



(n — to — k)(k + n + to + 1) 



(A.42) 



9/? 



dp 



[V(2n+l)-V(« + l)]P^ m ' m) W 



/3=m 



+ 



^ n— 1 

- n - HI E (n - 



2fc + 1 



j3=m 



+ 



1 



n!(m - n - 1)! ^ (n - k)(k + n + 1) 
xfc!(m-£:-l)!P^ m ' m) (z) (m > n), 

z + l 
2 

^jn— m 



2"-m( n _ m )j 

(0 ^ m ^ n), 



dz™" 



(^-l)"ln 



2 + 1 



(A.43) 



(A.44) 



5/3 



/3=m 



+ 



E 



(fc + n + m)\ip(k + n + to + 1) f z — 1 



(n + m)\ fc!(fc + m)!(n — m — A:)! 



(0 ^ to < n), 



(A.45) 



5/3 



+ H 



n+m 



Nfc (fc + n + TO)! 
(n + m)! v fc!(ft + m)!(n — to — fc)! 



E(- 



x [^(fc + n + to + 1) - r/>(fc + to + 1)] 



z+1 



(0 ^ to < n), 

(A.46) 



9/3 



/3=m 



z + 1 



n—m n—m 



ip(n - k + 1) 



y 

^-^ fc!(fc + m)!(n — k)\(n — to — fc)! \z + 



z - 1 



(0 ^ to ^ n), 



(A.47) 



5/3 



j(— m,— m) / \ i ^ ~h 1 



(3=-m 



n+m 



{z)\n- 



+ 



l 



2 n+m (n + TO)! 



(z 2 - l) 1 



dz"+ m 



(z 2 - l)"ln 



2+1 



, (A.48) 
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dp 



n 

E 



/;! /z-l\ m ^ (fc + n)!^(fc + n + l) fz-V k 



+ (n-m)! V 2 
(0 < to < n), 



k\{k + m)\{n - k)\ \ 2 



(A.49) 



o p (-m,/3) 
ur n+m 



(z) 



dp 



= ^(n+l)-i,(n-m+l)]P { n+ 2 m) (z) 



-(")" 



m—1 

E 



(fc + n — m)\{m — k — 1)! /z + 1 



(n — m)\ k\(n + m — k)l 



(fc + n)! 



(n-m)! \ 2 / ^ v y fe!(fc + m)!(n - fc)! 



x[^(A: + n+ 1) -r/>(fc+ 1)] 



z + 1 



(0 < to < n), 



(A.50) 



ap. 



(-m,0) 



n+m 



5/3 



= iP(n+l)Pt + 2'- m) (z) 



0=-m 



-(n!) 2 



z — 1 \ / z + 1 



E 



fe=0 



— TO — fc+1) / Z — 1 

k\(k + m)\(n ~ k)\(n -m-k)\ \z + 1 



-(«!) 



2 / Z — 1 \ / Z + 1 



2 / V 2 

(fc - 1) 



(fc + n)!(fc + n - m)!(m - fc)! \z + 1 



z - 1 



(0 ^ to ^ n), 
(A.51) 



5/3 



- -p ( ~r n :r\z)^ 



z+l 



+ 



1 



2 m -"- 1 (m - n- 1)! 
(to > n), 



(z 2 - l) r 



dz 



m— 7i— 1 



(z 2 - 1)- 



ln- 



(A.52) 



dPL~- m Jl(z) 



dp 



-il>(n + m+l)l£Zl?\z) 



m — n—1 



-(-) 

(m > n) 



n+m (n + m)\ m—^ (m — k — l)\ip(n + m — k + 1) (z—1 
k\(n + to - k)l(m - n - k - 1)! \ 2 



n! 



E 

fe=0 



(A.53) 
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d(3 



(m-fc-1)! 



, \ i m—n—l 



n.! 



fc!(n + m — fc)!(m — n — k — 1)! 



X [0(n + m - k + 1) - -0(m - fc)] 



z + 1 



(m > n), 



(A.54) 



9/3 



(-)"+"' / : _ r 



+ 



(n!) 2 

m — n—l 

x £ 



(k + n)\{m -k- l)\ip(k + n + 1) / : 



fc!(m — n — k — 1)! 



z + l 



(m > n), 
(A.55) 



d(3 



mn + m + 1)- 4,{2n + 2)]P 7 ^_™'_T ) (*) 



/3=-m 



, \ I m-n — 2 



2m -2k - 1 



fe=0 



(n + m — k)(m — n — fc — 1) 
"*« (»»>»). (A.56) 
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